A simplicial complex X is said to be tight with respect to a field F if X is connected and, for every induced subcomplex Y of X, the linear map H * (Y ; F) → H * (X; F) (induced by the inclusion map) is injective. This notion was introduced by Kühnel in [10] . In this paper we prove the following two combinatorial criteria for tightness. (a) Any (k + 1)-neighbourly k-stacked F-homology manifold with boundary is F-tight. Also, (b) any F-orientable (k + 1)-neighbourly k-stacked F-homology manifold without boundary is F-tight, at least if its dimension is not equal to 2k + 1.
We recall that, for any simplicial complex X of dimension d, and for 0 ≤ k ≤ d, the k-skeleton Skel k (X) of X is the subcomplex {α ∈ X : dim(α) ≤ k}. An F-homology ball B of dimension d + 1 is said to be k-stacked if Skel d−k (B) = Skel d−k (∂B). An F-homology sphere of dimension d is said to be k-stacked if there is a k-stacked F-homology ball B (of dimension d + 1) such that S = ∂B.
This definition was extended in [13] to homology manifolds with or without boundary in the obvious way. Thus, an F-homology manifold ∆ with boundary, say of dimension d + 1, is k-stacked if Skel d−k (∆) = Skel d−k (∂∆). An F-homology manifold without boundary is k-stacked if it is the boundary of an F-homology k-stacked manifold with boundary.
Throughout the rest of this paper, k is a strictly positive integer. For any simplicial complex X, its vertex set will be denoted by V (X). For any subset A of V (X), X[A] := {α ∈ X : α ⊆ A} is the induced subcomplex of X with vertex set A. For 0 ≤ i ≤ d, f i (X) := #{α ∈ X : dim(α) = i}. In particular, f 0 (X) = #V (X). Also, β i (X; F) = dim F H i (X; F) andβ i (X; F) = dim FHi (X; F) are the Betti numbers and the reduced Betti numbers (respectively) of X. Thus β i =β i +δ i0 .
The sigma vector (σ 0 , . . . , σ d ) of a d-dimensional simplicial complex X (w.r.t. F) was defined in [2] by the formula
We also put σ i (X; F) = 0 if i < 0 or i > d.
The new ingredient in this paper is the following lemma. Note that its proof closely follows the proof of Lemma 2.11 in [1] , which in turn paraphrases the proof of Theorem 2.3 (ii) in [12] .
. Take a new vertex x ∈ V := V (B) and putB = x * B, the cone over B from the vertex x. LetŜ = ∂B = B ∪ (x * S). LetV = V ⊔ {x} = V (B). ThusB is an F-homology (d + 2)-ball, andŜ is an F-homology (d + 1)-sphere.
Take any subset α of V . Put β =V \α, γ = V \α. Thus β = γ⊔{x}.
. Since x * S[γ] is homologically trivial and x * S ⊆Ŝ, this implies (in the usual notation of homology theory) that we have
SinceŜ is an F-homology (d + 1)-sphere, and β is the complement of α in the vertex set ofŜ, Alexander duality and the exact sequence for pairs imply that
. Dividing by #V #α and adding over all α, we get σ i (B) = 0.
and adding over all α, we get σ i (S; F) = σ i (B; F) for i ≤ d − k − 1. Therefore, this result follows from Lemma 1.
Modifying Definition 2.1 in [2] , we defined in [3] the mu-vector (µ 0 , . . . , µ d ) (w.r.t. F) of a d-dimensional simplicial complex X as follows.
Here, for x ∈ V (X), the link ℓk(x, X) of x in X is the subcomplex {α : x ∈ α, α ⊔ {x} ∈ X}. Since the vertex links of any k-stacked F-homology manifold of dimension d + 1 with boundary (respectively of dimension d without boundary) are k-stacked homology d-balls (respectively, k-stacked homology (d − 1)-spheres), the following two results are immediate consequences of Lemma 1 and Corollary 2 (and the definition of the mu-vector).
Corollary 3. If ∆ is a k-stacked F-homology manifold with boundary then µ i (∆; F) = 0 for i ≥ k + 1.
The importance of the mu-vector arises from the following two results from [3] (Theorems 1.6 and 1.7, op. cit.).
(b) Equality holds in (a) for some ℓ iff, for every induced subcomplex
, induced by the inclusion map, are both injective.
Since, by Theorem 6, we have 0 ≤ β i (X; F) ≤ µ i (X; F), the following result due to Murai and Nevo [13, Theorem 4.4(i)] is immediate from Corollary 4 and Theorem 6 (c).
Theorem 7. (Murai and Nevo
Similarly, the following result is immediate from Corollary 3 and Theorem 6 (c).
The following interesting consequence of Theorem 6 is also worth noting.
Corollary 9. Let X be a simplicial complex of dimension d and let 0 < k < d. Suppose µ k−1 (X; F) = β k−1 (X; F) and µ k+1 (X; F) = β k+1 (X; F). Then µ k (X; F) = β k (X; F).
Proof: Since µ k−1 = β k−1 and µ k+1 = β k+1 , Theorem 6 (d) implies that, for every induced subcomplex Y of X, the maps H k−1 (Y ; F) → H k−1 (X; F) and H k (Y ; F) → H k (X; F) are both injective. Theorem 6 (b) now implies that
Adding these two equations, we get
The following result is also immediate from Theorem 6 (d) and the definition of F-tightness.
Recall that a simplicial complex X is said to be (k+1)-neighbourly if any k + 1 vertices of X form a face of X (of dimension k), i.e., if Lemma 11. If X is a (k + 1)-neighbourly simplicial complex then µ i (X; F) = 0 = β i (X; F) for 1 ≤ i ≤ k − 1 and µ 0 (X; F) = 1 = β 0 (X; F). Now, the following result from [10] is immediate.
Proof: By Lemma 11, we have µ i = β i for 0 ≤ i ≤ k − 1. By Theorem 5, µ 2k−i = µ i , while (since M is F-orientable), Poincare duality gives β 2k−i = β i . Therefore, we get µ i = β i for k + 1 ≤ i ≤ 2k. So, µ i = β i for i = k ± 1. Hence, by Corollary 9, µ k = β k . Thus µ i = β i for 0 ≤ i ≤ 2k. Hence by Theorem 10, M is F-tight.
The following is one of the main results of this paper.
Theorem 13. Let ∆ be a (k + 1)-neighbourly k-stacked F-homology manifold with boundary. Then ∆ is F-tight.
Proof: By Lemma 11, µ i = β i for i ≤ k − 1. Also by Corollary 3, µ i = β i for i ≥ k + 1. Hence by Corollary 9, µ k = β k as well. So, by Theorem 10, we are done.
Our second main result is the following.
Theorem 14. Let M be an F-orientable (k + 1)-neighbourly k-stacked F-homology manifold without boundary, of dimension d = 2k+1. Then M is F-tight.
Proof: First suppose d ≤ 2k − 1. Then each vertex link of M is a k-nieghbourly F-homology sphere of dimension ≤ 2k − 2. Using the Dehn-Sommerville equations, it is easy to see that the only such homology spheres are the boundary complexes of simplices. It follows that M itself is the boundary complex of a simplex. In this case M is trivially F-tight.
So, let d ≥ 2k. If d = 2k, then the result follows from Theorem 12. So, we may assume d ≥ 2k + 2. By Lemma 11, we have µ i = β i for 0 ≤ i ≤ k − 1. Hence, as in the proof of Theorem 12, duality
Theorem 14 provides an affirmative answer to Question 5.5 in [8] , except in the case d = 2k + 1. Theorem 14 has the same statement as Theorem 3.11 (a) in [2] except that in the latter result, we had the hypothesis "locally k-stellated" in place of "k-stacked". But kstellated spheres of dimension ≥ 2k − 1 are k-stacked by [1, Theorem 2.9], and locally k-stacked closed homology manifolds of dimension ≥ 2k + 2 are k-stacked by [1, Theorem 2.20] = [13, Theorem 4.6]. Thus Theorem 14 generalizes [2, Theorem 3.11 (a)]. We are unable to obtain a similar generalization of Theorem 3.11 (b) of [2] . But, undoubtedly, such a generalization should exist. Thus we posit: Conjecture A: Any F-orientable k-stacked and (k + 1)-neighbourly F-homology manifold without boundary (of dimension 2k +1, the only open case) is F-tight.
Note that the reason for our inability to handle the case d = 2k + 1 is that Corollary 2 says nothing about the sigma vectors of k-stacked homology spheres of dimension 2k. In Examples: The then known examples of tight manifolds without boundary were surveyed by Kühnel and Lüsz [11] . This list was updated in [2, Example 3.15]. Apart from the boundary complexes of simplices, this list includes the boundaries of the manifolds listed in (a) and (b) below. Excepting these series (and the 2-neighbourly 2-manifolds without boundary, which are tight by Theorem 12), only twenty nine sporadic examples of tight triangulated manifolds without boundary are known. Surprisingly, Theorems 13 and 14 notwithstanding, we do not know of any tight homology manifolds which are not triangulated (indeed combinatorial) manifolds. Perhaps these theorems will aid us in searching for such examples.
Apart from the trivial example of the standard d-ball (i.e., the face complex of the geometric d-simplex) only some low dimensional examples (cf. Banchoff [4, 5] ) of tight triangulated manifolds with boundary appear to have been known prior to this paper. Note that Theorem 13 implies that any k-stacked (k + 1)-neighbourly triangulated manifold with boundary is tight with respect to all fields. We have the following examples. 
